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Two-phase bubble formation coupled with phase change at a submerged nozzle is
studied theoretically. The whole bubble consists of a ®apor and a liquid phase. The
inner ®apor phase is assumed to be surrounded by a thin condensate layer, in which the
®apor condenses partially as the two-phase bubble grows. The interface element ap-
proach is applied to describe the dynamics of bubble formation. The effect of heat
transfer from bulk ®apor within the bubble to the surrounding bulk liquid is related to
pressure analysis of ®apor within the two-phase bubble ®ia the mass flux of condensa-
tion. The results computed from this model agree well with the experimental data.

Introduction

The dispersion of gases through submerged orifices or
nozzles plays an important role in enhancing the transport
rates between phases in many chemical and physical pro-
cesses. In many industrial heat exchange operations, a con-
densable gas is often injected into a liquid through a sub-
merged orifice or nozzle to increase the rate of heat transfer
between the gas and liquid, as direct contact heat transfer
has the advantage of high heat transfer coefficient. Denekamp

Ž . Ž . Ž .et al. 1972 , Cho and Lee 1990 , and Chen and Tan 2001
have studied vapor bubble formation at submerged nozzle in
its own liquid, that is, the processes studied involve only one
component. When the dispersed and continuous phases are
formed by two different immiscible components instead of
one component, a two-phase particle can be observed during
bubble formation. It contains a liquid and a vapor phase, the
vapor accumulating in the inner part of the particle. Being
neither a pure drop nor a pure vapor phase, this two-phase

Ž .bubble has been referred to as a drobble Sudhoff et al., 1982 .
The latter system differs from the former, one-component,
system in that the condensate remains within the confines of
the bubble envelope.

Owing to their wide application in industrial heat-transfer
processes, two-phase bubbles have been extensively studied
both experimentally and theoretically. Sideman and Hirsch
Ž .1965 photographed condensing isopentane bubbles in water
during their free rise period, or after their release from the
nozzle. By analyzing consecutive pictures of each run, the in-
stantaneous surface area, volume and vapor content of a ris-
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ing drobble could be determined and the heat flux and trans-
Ž .fer coefficients obtained. Jacobs et al. 1978 proposed a

model for the collapse of a bubble rising through a cold con-
Ž .tinuous immiscible liquid. Wanchoo 1991 investigated the

condensation of a rising two-phase bubble in immiscible liq-
uid and derived an analytic expression for the steady rate of
heat transfer from a two-phase bubble condensing in an im-

Ž .miscible liquid medium. Wanchoo et al. 1997 measured ex-
perimentally the velocity of rise and the drag of a single va-
por bubble collapsing in another immiscible liquid. Sudhoff

Ž .et al. 1982 reviewed the published studies since 1963 on the
condensation or evaporation of a drobble and summarized
the overall heat-transfer coefficients measured for various

Ž .systems. More recently, Kalman and Ullmann 1999 con-
ducted a series of experiments of direct-contact condensation
to the initial volume of a condensing bubble released from an
orifice and the instantaneous shapes of drobble during the
collapse process. Their experimental results showed that the
initial volume of the condensing bubble could be reasonably

Ž .predicted by employing Ruff’s two-stage model Ruff, 1972
that was originally developed for noncondensing bubbles.

Most of the above studies deal with the collapse of con-
densing drobble after its release from the nozzle. However, it
is known that the period of bubble formation can contribute
significantly to the overall heat and mass transfer of the pro-
cess. Few reported investigations have been published on the

Ž .formation of two-phase bubbles. Terasaka et al. 1999 pro-
posed a method to measure the heat-transfer coefficient for
direct-contact condensation during two-phase bubble forma-
tion and theoretically estimated the direct-contact heat-trans-

Ž .fer coefficient. Terasaka et al. 2000 proposed a drobble for-
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mation model to study the effect of operating conditions on
two-phase bubble formation behavior at single nozzle sub-
merged in water. The equations of motion for expansion and
translation of an equivalent spherical bubble were used.

The objective of this article is to study the hydrodynamics
of two-phase bubble formation combined with the mecha-
nism of heat transfer, and to gain theoretical understanding
of two-phase bubble formation with condensation at a single
submerged nozzle. A realistic nonspherical model for bubble
formation coupled with phase change is described. The model
attempts to calculate the instantaneous shape of the drobble
during its formation and to determine the instantaneous vol-
umes of both whole bubble and condensate, frequency of
bubble formation, as well as overall heat-transfer coefficient.
The effects of gas flow rate and temperature difference be-
tween injected gas and the subcooled liquid will be discussed.

A bubble formation model, which can predict bubble
shapes, bubble growth, and detachment under different ther-
mal and hydrodynamic conditions, would significantly add to
our understanding of some dispersion processes, which in-
volve condensable gas and liquid direct contact. The present
model should provide useful predictions of the characteristics
of a phase-change bubble in the single-bubbling region and
provide the basis for design and optimization of such pro-
cesses.

Model Development
Physical system and basic equations

The system under consideration consists of a condensable
gas that is injected vertically upwards through a single nozzle

Ž .R submerged in a liquid bulk temperature T of depth h ato l
a constant flow rate Q. The following basic assumptions are
made:
Ž .a The bubble remains symmetrical about its axis during

the growth and is a volume of revolution around its central
axis.
Ž .b The influence of gas and liquid viscosities at the inter-

face is negligible.
Ž .c The growth of the bubble is unaffected by the presence

of other bubbles.
Ž .d The gas is ideal, isothermal, and incompressible and its

flow is adiabatic.
Ž .e The dispersed phase is a pure substance. There are no

noncondensable gases in the dispersed phase.
Ž .f Vapor condensate and continuous liquid are immiscible

or the dissolution of vapor condensate into continuous liquid
is negligible.
Ž .g Energy exchange across vapor-condensate interface is

dominated by mass transfer due to condensation and the en-
ergy exchange by heat transfer is neglected.
Ž .h The gravitational effect on the thickness of the conden-

sate layer is negligible and the thickness of the condensate
layer is assumed to be uniform, as it is much smaller than the
radius of the drobble.

Figure 1 shows the nonspherical model for two-phase bub-
ble formation at a submerged nozzle. The nonspherical bub-

Ž .ble formation model proposed by Tan and Harris 1986 is
modified to calculate the movement of the interface ele-
ments. This approach assumes the instantaneous bubble
shape is axially symmetric and divides the interface between

Figure 1. Nonspherical bubble formation with phase
change.

the two-phase bubble and the bulk liquid into a finite num-
ber of small elements. Assuming an inviscid liquid, each ele-
ment at the bubble interface moves as a result of forces due
to pressure difference and surface tension. In dynamic for-
mation, the resultant of these forces is equal to the rate of
change in the liquid momentum, assuming that the gas mo-
mentum is negligible. The momentum of the liquid may be
calculated using the ‘‘added mass’’ concept and the velocity of
the interface. Thus, a force balance at each element gener-
ates a set of differential equations of motion in cylindrical
coordinates

d
r� Pdry� r sin � s U m 1Ž . Ž .Ž .z idt

dz d
r� Pdzq� d r cos � y s U m 2Ž . Ž .Ž .r isin � dt

where r and z are the radial coordinate from the axis of the
bubble and the axial coordinate from the orifice horizontal
level, respectively, � P is the pressure difference between
bubble pressure P and the liquid pressure P at each inter-® l
face element. � is an angle defined by

� z
y1�s tan 3Ž .

� r

The second term in the lefthand side of Eqs. 1 and 2 is the
force due to surface tension. There are two kinds of surface

Žtensions surface tension between vapor and condensate, and
.interfacial tension between condensate and liquid acting on

a two-phase bubble, as a two-phase bubble consists of double
interfaces. The condensate thickness is very small when com-
pared with the bubble equivalent radius, and the surface ten-
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sion defined in Eqs. 1 and 2 is expressed as

� s� q� 4Ž .®c cl

where � and � are surface tensions between vapor and®c cl
condensate, and surface tension between condensate and liq-
uid, respectively.

The term m in Eqs. 1 and 2 is the differential added massi

m s �� q � V 5Ž . Ž .i l b i

where � is the added mass coefficient, taken as 0.5, the value
Žfor a bubble translating in an infinite medium Walters and

.Davidson, 1963 . This is regarded to be an average value dur-
ing the whole formation process. V is the volume of liquidi
displaced by the element since the beginning of its move-
ment. � and � are the density of the bulk liquid and thel b
two-phase bubble, respectively. The mean density of the
two-phase bubble is estimated by

� V q � V® ® c c
� s 6Ž .b Vb

where � , � , V , V , and V are vapor density, condensate® c ® c b
density, vapor volume, condensate volume and whole bubble
volume, respectively.

The vapor volume is obtained from the application for the
mass balance

Q � tyV �® c c
V s 7Ž .® �®

where Q is the constant flow rate of gas injected into the
bubble, t is the bubble growth time.

Taking the vapor within the two-phase bubble as a non-
steady state open system, from the application for the mass
balance and the first law of thermodynamics for a
nonsteady-state open system, the derivation of pressure
change of the vapor within the two-phase bubble can be ex-
pressed as

� R T 3dP P Q jA � P dV � Qg ®® ® c ® ® ®s y y q � y1Ž . 2ž /dt V R T M V dt 2V a® g ® ® ® o

8Ž .

where � , R , T , j, A , M, and a are the adiabatic gasg ® c o
constant, gas constant, vapor temperature, mass flux of con-
densation, surface area of condensate, molecular weight of
dispersed phase, and cross-sectional area of the nozzle, re-
spectively.

The liquid pressure P at each interfacial element is com-l
puted by

P s P q � g hy z 9Ž . Ž .l s l

where P is the system pressure above the bulk liquid.s

Effect of heat transfer and condensation
During the drobble formation, the dispersed vapor par-

tially condenses to form a condensate layer when the boiling
point of vapor is higher than the temperature of the bulk

Figure 2. Physical model for heat transfer from bulk va-
por within drobble into surrounding bulk liq-
uid through a thin condensate layer.

liquid. Figure 2 illustrates the mechanism of heat transfer with
condensation during the two-phase bubble growth. The vapor
within the drobble is rapidly mixed so that the temperature
of the bulk vapor is assumed to be constant at its boiling
point T .®

The overall heat-transfer coefficient U for heat transfer
from the bulk vapor within the drobble into the surrounding
bulk liquid through a thin condensate layer is calculated gen-
erally as

1 1 1 1 1
s q q q 10Ž .

U H H H Hg d c l

where H , H , H , and H are the heat-transfer coefficientsg d c l
for convection in vapor phase, direct-contact condensation,
conduction in the condensate layer, and convection in bulk
liquid, respectively.

Compared with H and H , heat-transfer coefficients ford c
convection in vapor and liquid phases are much higher and
their contribution to U can be neglected. Thus, the overall
heat-transfer coefficient is estimated as

1 1 1
s q 11Ž .

U H Hd c

The calculation of direct contact heat-transfer coefficient Hd
Ž .was proposed by Terasaka et al. 1999 to be

2 �®
H sL 12Ž .d (T T yT 1r� y1r�Ž .Ž .® ® l ® c

where L is the latent heat of vaporization.
Also, the heat-transfer coefficient H is given byc

kc
H s 13Ž .c �
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where k and � are the thermal conductivity and the thick-c
ness of the condensate, respectively.

The thickness of the condensate layer is much smaller than
the radius of the drobble. Assuming uniform thickness, the
thickness of the condensate layer � is approximated as

Vc
�s 14Ž .

Ac

Both the thickness of the condensate layer and the mass
flux are taken as functions of time only. They are related by
the heat flux continuity condition

T yT® l
jLs�T �Us 15Ž .1 �

q
H kd c

The instantaneous condensation mass rate m is defined byc

m s jA 16Ž .c c

The total accumulated condensate volume V at bubblec
growth time t can be obtained

1 t
V s m dt 17Ž .Hc c� 0c

Rewriting Eq. 17 in differential form

dV jAc cs 18Ž .
dt �c

Initial conditions and numerical solution
At the beginning of the computation, the bubble shape is

assumed to be hemispherical, with its radius equal to that of

the nozzle. Initially, both thickness and volume of the con-
densate film are zero.

The dynamic equations for drobble formation can be solved
with the following initial conditions

2�
rsR , V s0, �s0, P sP q � ghqo c ® s l Ro

�THd
js 19Ž .

L

An explicit finite difference method proposed by Tan and
Ž .Harris 1986 is extended to solve the equations of bubble

formation. The computational procedure is summarized in the
following steps:
Ž .1 Initialize all parameters.
Ž .2 Increase bubble growth time by � t.
Ž .3 Solve the equations of motion for each element to yield

new coordinates of each element.
Ž .4 Compute the bubble volume and heat-transfer area by

numerical integration of coordinates of all elements.
Ž .5 Apply straightforward Runge-Kutta method to solve the

differential Eqs. 8 and 18 simultaneously to obtain the in-
stantaneous vapor pressure P and condensate volume V .® c
Ž .6 Compute the instantaneous vapor volume V , conden-®

sate thickness � , and condensation mass flux j by solving
Eqs. 7, 14 and 15, respectively.
Ž .7 Compute the pressure difference for each element at

the bubble interface.
Ž .8 Return to step 2 and repeat steps 2	6 until the neck

closes and detachment is attained.

Results and Discussion
The two-phase bubble formation model is applied to hex-

anerwater system and vinyl acetaterwater system. The sur-
face tension of hexanerwater � s� q� s0.0504q0.0138®c cl

Figure 3. Two-phase bubble growth sequences for experimental conditions: system=hexane/////water, Q=3.38�10 �6

m3/////s, R =1.00�10 �3 m, �T=7.0 K.o
Ž . Ž . Ž .a Experimental photograph from Terasaka et al. 1999 ; b computed bubble shapes by present model.

August 2003 Vol. 49, No. 8AIChE Journal 1967



Figure 4. Two-phase bubble growth sequences for ex-
perimental conditions: system=vinyl acetate/////
water, Q=5.8�10�6 m3/////s, R =1.50�10�3

o
m, �T=18.9 K.

s0.0642 Nrm. For vinyl acetaterwater system, � s� q�®c cl
Ž .s0.0187q 0.00713s0.02583 Nrm Prakoso et al., 2001 .

Two-phase bubble shapes during formation
Figure 3 shows the two-phase bubble growth sequences for

the case of a hexanerwater system, Qs3.38�10y6 m3rs, Ro
s1.00�10y3 m, �Ts7.0 K, corresponding to the experi-

Ž .mental conditions in Terasaka et al. 1999 . The bubble
growth time interval between two consecutive contours is 5�
10y3 s, and the final shape shows neck closure and, hence,
detachment. Both the experimental and computed bubble
shapes indicate that bubble shapes during formation are
non-spherical. A bubble starts off as a hemisphere with its
radius the same as that of the nozzle, then becomes approxi-
mately spherical as it grows, and finally attains the shape of
an irregular ellipsoid with a neck. The computed instanta-
neous bubble shapes are in very good agreement with the

Ž .experimental video images taken by Terasaka et al. 1999 .
Figure 4 shows another example of two-phase bubble for-

mation; the conditions are: vinyl acetaterwater Qs5.8�10y6

m3rs, R s1.50�10y3 m, �Ts18.9 K, which are the experi-o
Ž .mental conditions in Prakoso et al. 2001 . This figure shows

Figure 5. Two-phase bubble growth rates for bubble
formation at conditions: system = hexane/////
water, Q=3.38�10-6 �m3/////s, R =1.00�10-3

o
m, �T =7.0 K.

a similar trend of bubble shapes during formation as that in
Figure 3. The system studied in Figure 4 differs from that in
Figure 3 in that the condensate of vinyl acetate is slightly
soluble in water. The effect of this dissolution rate on bubble
formation has been neglected in our modeling. The predicted
shapes correlate well with the experimental video images

Ž .taken by Prakoso et al. 2001 except that the experimental
detachment time is a little shorter than predicted by our
model. This is probably due to the effect of condensate disso-
lution, which would hasten detachment by accelerating the
thinning of the bubble neck in the final stages.

Two-phase bubble growth rates
The comparison of the bubble growth rates between the

results computed by the present model with the experimental
data at conditions corresponding to Figure 3 are plotted in
Figure 5. The volumes of the growing bubbles in Figure 5

Ž .were measured by Terasaka et al. 1999 using high-speed
Ž .video camera 1,000 frames per second , with data capture

and image analysis. The figure indicates that the predicted
rate of growth by the present model follows closely the exper-

Ž .imental data Terasaka et al., 1999 .
Figure 6 shows the variation of bubble growth rates with

temperature different �T for the conditions hexanerwater,
Qs4.0�10y6 m3rs, R s0.50�10y3 m, corresponding too

Ž .the experimental run in Prakoso et al. 2001 . Simulated re-
sults are compared with the experimental data available
Ž .Prakoso et al., 2001 for the effects of temperature differ-
ence �T on the two-phase bubble growth rates. It indicates
the two-phase bubble grows faster and detaches earlier for
the case of lower temperature difference. It can be seen that
our model predicts the experimental trends reasonably well.
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Figure 6. Effect of temperature difference �T on two-
phase bubble growth rates.

Figure 7 shows the effect of gas-flow rate Q at constant
temperature difference �T on bubble growth rates for the
conditions hexanerwater, R s0.50�10y3 m, �Ts15.7 K,o
corresponding to the experimental run in Prakoso et al.
Ž .2001 . The two-phase bubble volume is smaller when the in-
jected gas-flow rate is lower as expected empirically. This
trend was also observed experimentally for one component
bubble formation without condensation. From the experi-
mental curve of Q s3.2 cm3rs, it appears that delayed re-®
lease occurs, during which a bubble remains attached to the

Žnozzle without growing significantly McCann and Prince,
.1971 . It can be noted again that the model predictions match

the experimental data rather well.

Volume and thickness of condensate layer
Figure 8 shows the computed volume and thickness of con-

densate layer during bubble formation at conditions corre-
sponding to Figure 3. It can be seen that the volume of con-
densate is smaller by several orders of magnitude than that of
the whole two-phase bubble. The thickness of condensate

Figure 7. Effect of gas-flow rate on two-phase bubble
growth rates.

layer is also smaller by several orders of magnitude than the
average radius of the whole bubble at the same bubble growth
time. Therefore, the assumption made in Eq. 14 is reason-
able.

It is worth remarking that video images such as those in
Figures 3 and 4 cannot provide an accurate indication of the
condensate layer thickness, since the bubble curvature and
light refraction would distort the true liquid film thickness.

O©erall heat-transfer coefficient and condensation ratio
Figure 9 shows the instantaneous overall heat-transfer co-

efficient U for bubble formation at conditions corresponding
to Figure 3. The instantaneous overall experimental heat-
transfer coefficients were obtained from experimental obser-

Ž .vations by a heat and mass balance Terasaka et al., 1999 as
follows

L dV®
Us Qy 20Ž .ž /A �T dtc

Overall heat-transfer coefficient decreases rapidly at the
beginning of bubble growth. The direct contact heat-transfer
coefficient H is equal to the overall heat-transfer coefficientd
U at the very beginning of bubble growth, when the conden-
sate film has not been generated.

To determine whether inertial and buoyancy effects on the
one hand, or heat-transfer effect on the other hand, is more
dominant in the two-phase bubble formation process, it is
necessary to estimate the vapor condensation ratio. The va-
por condensation ratio is defined as the ratio of condensate
mass to the mass of the whole two-phase bubble at detach-
ment. The former can be calculated from the condensate
density and volume. The latter is equal to the mass of vapor
injected through the nozzle during each bubble formation pe-
riod. A high vapor condensation ratio indicates a dominance
of heat transfer over inertial and buoyancy effects, and vice
versa.

Figure 8. Volume and thickness of condensate layer
during bubble formation at conditions: system
= hexane/////water, Q = 3.38�10-6 m3/////s, R =o
1.00�10 �3 m, �T=7.0 K.
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Figure 9. Instantaneous overall heat-transfer coefficient
at conditions: system=hexane/////water, Q=3.38
�10�6 m3/////s, R =1.00�10 �3 m, �T=7.0 K.o

Figure 10 shows the effect of temperature difference be-
tween vapor and bulk liquid on the vapor condensate ratio at
bubble detachment, for several values of gas-flow rates. It
shows a significant proportion of vapor condensation
Ž .50	90% occurs during the formation process. It also shows
an increase in vapor condensation ratio with increase of tem-
perature difference and decrease of gas-flow rate, indicating
an increase in dominance of heat-transfer effect over inertial
and buoyancy effects.

Conclusion
Two-phase bubble formation at a submerged nozzle in an

immiscible liquid is analyzed theoretically. The interfacial el-

Figure 10. Effect of temperature difference on vapor
condensation ratio.

ement approach successfully models the physical phenomena
of both hydrodynamics and heat transfer during a two-phase
bubble formation. The method generates realistic bubble
shapes during formation and subsequent detachment. The
simulated results in terms of instantaneous bubble shape,
bubble volume, bubble growth rate as well as overall heat
transfer are in good agreement with the experimental data

Ž . Ž .from Terasaka et al. 1999 and Prakoso et al. 2001

Notation
a scross-sectional area of the nozzle, m2

o
A ssurface area of condensate, m2

c
Ž .C sconstant-pressure heat capacity, Jrmol �Kp

Ž .C sconstant-volume heat capacity, Jrmol �K®
e smolar internal energy of vapor within two-phase bubble,®

Jrmol
E s internal energy of vapor within two-phase bubble, J®

E skinetic energy of gas injected into bubble, Jk ,in
gsacceleration due to gravity, mrs2

hsheight of liquid above the nozzle trip, m
h smolar enthalpy of condensate, Jrmolc

h smolar enthalpy of gas injected into bubble, Jrmoli n
H sheat-transfer coefficient for conduction in condensate layer,c

Ž 2 .Wrm �K
Ž 2 .H sdirect contact heat-transfer coefficient, Wrm �Kd

H sheat-transfer coefficient for convection in bulk vapor phase,g
Ž 2 .Wrm �K

H sheat-transfer coefficient for convection in bulk liquid phase,l
Ž 2 .Wrm �K

Ž 2 .jscondensation mass flux, kgrm � s
Ž .k s thermal conductivity of condensate, Wrm �Kc

Ls latent heat of vaporization, Jrkg
m scondensation mass rate, kgrsc
m sdifferential added mass of the element, kgi
Msmolecular weight of dispersed phase, kgrmol
nsmolar number of vapor within two-phase bubble, mol

n smolar number of condensate, mold
n smolar number of gas injected into bubble, moli n
Ps liquid pressure on bubble surface, Pal
P ssystem pressure above bulk liquid, Pas
P s vapor pressure of two-phase bubble, Pa®

� Pspressure difference between bubble pressure and liquid
pressure at interface, Pa

Qsgas constant flow rate, m3rs
rsradial coordinate from axis of bubble, m

Ž .R sgas constant, Jrmol �Kg
R snozzle radius, mo

tsbubble growth time, s
Tsbulk liquid temperature, Kl
T s temperature of vapor within the two-phase bubble, K®

Ž 2 .Usoverall heat-transfer coefficient, Wrm �K
Ushorizontal velocity of element, mrsr
U s vertical velocity of element, mrsz
V swhole volume of two-phase bubble, m3

b
V scondensate volume, m3

c
Vs volume of liquid displaced by the element since the begin-i

ning of its movement, m3

V s volume of vapor within the two-phase bubble, m3
®

Wswork interaction across vapor-condensate interface, J
zsaxial coordinate from orifice horizontal level, m

Greek letters
�sadded mass coefficient, dimensionless
�sangle defined by Eq. 3, dimensionless
�sadiabatic gas constant, dimensionless
�scondensate thickness, m


sheat interaction across vapor-condensate interface, J
� smean density of two-phase bubble, kgrm3

b
� scondensate density, kgrm3

c
� sbulk liquid density, kgrm3

l
� sdensity of vapor within the two-phase bubble, kgrm3
®
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�ssurface tension, Nrm
� ssurface tension between vapor and condensate, Nrm® c
� ssurface tension between condensate and liquid, Nrmcl
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Appendix: Derivation of Vapor Pressure Change
The total mass balance for the vapor within the two-phase

bubble is

dnsdn ydn A1Ž .in c

where n and n are the molar number of gas injected intoin c
bubble and condensate, respectively, and

dn P Qin ®s A2Ž .
dt R Tg ®

dn d V � � dV � jA jAc c c c c c c cs s s � s A3Ž .ž /dt dt M M dt M � Mc

where P and T are the pressure and temperature of the® ®
vapor, respectively. V , A , and � are volume, surface area,c c c
and density of the condensate.

ŽApplying open system energy balance or first law of ther-
.modynamics for open system to the vapor within the two-

phase bubble, the internal energy change of vapor within the
two-phase bubble dE can be expressed in terms of heat in-®
teraction across the vapor-condensate interface d
, work in-
teraction across the vapor-condensate interface dW, and en-

Žergy balance due to nonsteady flow the last three terms in
.the righthand side of Eq. A4

dE sd
qdWqh dn yh dn qdE A4Ž .® in in c c k , in

Here,

dE snde q e dn A5Ž .® ® ®

d
 is the sensible enthalpy increase, which, in general, is
negligible compared with latent heat effects from mass trans-
fer and condensation, so

d
s0 A6Ž .
dWsyP dV A7Ž .® ®

2
� Q®

dE q Qdt A8Ž .k , in ž /2 ao

Substituting the above expressions into Eq. A4, it follows
that

2
� Q®

nC dT qP dV sR T dnq Qdt A9Ž .® ® ® ® g ® ž /2 ao

Rewriting Eq. A9 together with ideal gas law equation

P V snR T A10Ž .® ® g ®

After substituting Eqs. A2 and A3, the pressure change of
vapor within the two-phase bubble is obtained

� R T 3dP P Q jA � P dV � Qg ®® ® c ® ® ®s y y q � y1Ž . 2ž /dt V R T M V dt 2V a® g ® ® ® o

Eq. 8Ž .

where � is the adiabatic gas exponent

Cp
� s A11Ž .

C®

and C and C are constant-pressure and constant-volumep ®
heat capacities, respectively.
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